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ENERGY-MOMENTUM IN GENERAL RELATIVITY
XIAONING WU, XIAO ZHANG
Abstract. We briefly review of the definitions of the total energy, the
total linear momentum and the angular momentum of gravitational field
when the cosmological constant is zero. In particular, we show pseudo-
tensor’s definition of the energy and the momentum given by Prof. Duan
in 1963 agree with the ADM total energy-momentum and the Bondi
energy-momentum at spatial and null infinity respectively. We also re-
view the relevant energy-momentum inequalities. Finally, we provide a
short review of the positive energy theorem and the peeling property
of the Newmann-Penrose quantities when the cosmological constant is
positive.
Keywords: General relativity; total energy-momentum; positive energy
theorem; peeling property
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1. Energy-momentum of gravitational systems
1.1. The total conserved quantities for matter fields. It is well known
that conserved quantities, such as energy and momentum, are very impor-
tant both in physics and in mathematics. For ordinary matter fields, people
usually use the energy-momentum tensor Tab to describe the distribution
of energy and momentum. Such tensor comes from the variation of La-
grangian function of the matter field. For simplicity, we only consider La-
grangian which contains the physical field φ and its first order derivative, i.e.
Lm = Lm(φ,∇φ, gab), φ is a (p, q) type tensor field. The space-time metric
gab in the Lagrangian is only served as a geometric back ground, which means
the physical field φ is living on a fixed space-time and the back reaction of
the matter field to the space-time is neglected. Since the Lagrangian is a
scalar function on space-time, it should be natural to require that it is dif-
feomorphism invariant, i.e. Lm(ψ
∗
t [gab], ψ
∗
t [φ], ψ
∗
t [∇φ]) = ψ∗t [Lm(gab, φ,∇φ)]
holds for any diffeomorphism map ψ∗t . Given the Lagrangian Lm, the energy-
momentum tensor can be calculated as following[1]:
Tab(φ) :=
2√|g| δLmδgab
= 2
∂Lm
∂gab
− gabLm
+
1
2
∇e(σabe + σbae − σaeb − σbea − σeab − σeba). (1.1)
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where σeab is called canonical spin tensor and is defined as
σeab := (−1)
(
∂Lm
∂∇eφc···d···
∆ac···g···bd···h···φ
h···
g···
)
. (1.2)
This term appears because of the deformation of the covariant derivative
∇. ∆ac···g···bd···h··· is the (p + q + 1, p + q + 1) type invariant tensor, which is
built from the Kronecker deltas. Some simple calculation will show that the
diffeomorphism invariance of Lm ensures that Tab is divergence-free. If O is
a physical observer, he can measure the energy density ρ and energy flux ja
at each point of space-time, which can expressed as
ρ := T (e0, e0),
ji := T (e0, ei), i = 1, 2, 3, (1.3)
where e0 is the 4-velocity of this observer and ei are normal basis chosen by
him. If Σ is a Cauchy surface, one may naively think the total energy of
field φ on Σ should be
E =
∫
Σ
ρ. (1.4)
Unfortunately, such simple idea is NOT correct. A simple observation is
above defined total energy E may not be conserved although the energy-
momentum tensor is divergence-free. One can understand such problem
in Minkowski case. If the background space-time is Minkowski and O are
inertial observers, it is easy to show that the energy defined by (1.4) is
conserved. If O are not inertial observer, the conservativeness of E is broken.
The key difference between the two kinds of observers is that the 4-velocity of
initial observers is a Killing vector field. In fact, it is quite difficult to define
a conserved total energy for general observers. For stationary space-time, a
suitable definition of the total energy on Σ is
E =
∫
Σ
T (t, n)dV, (1.5)
where ta is the time-like Killing vector and n is the normal vector of Σ. Using
the property of Killing vector field, it is easy to show that such energy is
conserved. For non-stationary case, such conserved total energy does not
exist. A physical explanation for this phenomena is that the non-stationary
back ground gravitational filed will inject energy to the matter filed which
makes the total energy of φ non-constant.
Similarly, one can also define the linear momentum Pi measured by an
observer O as
Pi := T (e0, ei). (1.6)
If Σ is still Cauchy surface, a space-like Killing vector k will give a conserved
quantity Pk as
Pk :=
∫
Σ
T (k, n)dV. (1.7)
3We notice that existence of a conserved quantity is always associated with
the existence of a Killing vector. This is nothing new but result of the well-
known Noether theorem. This result also has a more direct way to see. If ξ
is a Killing vector, it will generate a diffeomorphism map ψ∗t which satisfies
ψ∗t [gab] = gab and [ψ
∗
t ,∇] = 0. The diffeomorphism invariance imply
ψ∗t [Lm] = Lm(gab, ψ
∗
t [φ],∇ψ∗t [φ]). (1.8)
Taking the t derivative, one gets
ξµ∇µLm =
(
∂Lm
∂φ
−∇a ∂Lm
∂∇aφ
)
Lξφ+∇a
(
∂Lm
∂∇aφLξφ
)
,
⇒ ∇a
[(
∂Lm
∂∇aφLξφ
)
− ξaLm
]
=
(
∂Lm
∂φ
−∇a ∂Lm
∂∇aφ
)
Lξφ. (1.9)
If φ is a solution of Euler-Lagrangian equation, Ja[ξ, φ] :=
(
∂Lm
∂∇aφ
Lξφ
)
−
ξaLm is a conserver current. On any Cauchy surface, there is a conserved
quantity Q[ξ, φ] as
Q[ξ, φ] :=
∫
Σ
J · dΣ. (1.10)
One can prove[1] that E = Q[t, φ] and Pk = Q[k, φ]. Furthermore, the dif-
feomorphism invariance of Lm also implies another equation which is called
Noether identity. Consider a smooth vector field Ka, the diffeomorphism
invariance of the action implies[1, 2, 3](
∂Lm
∂φ
−∇a ∂Lm
∂∇aφ
)
LKφ+
1
2
TabLKg
ab +∇eCe = 0, (1.11)
Ce[K,φ] = θecKc +
(
σe[ab] + σa[be] + σb[ae]
)
∇aKb,
θab = −Lmgab + ∂Lm
∂∇aφ∇bφ.
where θab is called canonical energy-momentum tensor and Ca[K] is called
canonical Noether current. The difference between θab and Tab is some di-
vergence term. Unlike Tab, θab contains some “unphysical” information.
Different choice of gauge, coordinates or boundary condition may give dif-
ferent θab. This is also the reason why people can construct many different
type energy definition for gravitational field [1, 12]. Starting from this equa-
tion and using the fact that φ is a solution and K is Killing vector, one can
get the conserved current Ja again.
1.2. The total conserved quantities for gravity. In last section, we
discussed the total energy and momentum of a matter field. The Noether’s
principle is a nice tool to define conserved quantities. For gravity case,
things become more complex. For matter case, the space-time (M,gab) is
only served as a background and does not involve the dynamics. The non-
dynamical background structure enables us to do variation for dynamical
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variables φ and for background gab separately and corresponding results are
the dynamical equation and the energy-momentum tensor. If we consider
gravity, φ and gab are all dynamical variable so we have no natural energy-
momentum tensor for gravitational field. This fact also can be seen as the
result of equivalent principle. Roughly speaking, Eq.(1.1) shows that the
energy-momentum tensor of matter field will depend on the first derivative
of the field variables in quadratic form, but the existence of Riemann normal
coordinates implies such term will always vanish. This fact implies that one
need some “additional structure” to introduce the conserved quantities for
gravity.
The first “additional structure” is Killing vector. As we have noticed in
last section, the existence of Killing vector is helpful for finding conserved
quantities. With the help of Killing vector, one can introduce conserved
quantities following the idea of Noether theorem.
Consider the Einstein-Hilbert action
IEH =
1
16π
∫
M
R
√−gdx4. (1.12)
Obviously, LEH = R
√−g is diffeomorphism invariant. Suppose there exists
a Killing vector field ξ on space-time, ψ∗t is the difeomorphism map generated
by ξ,
0 = ξa∇a(R
√−g)
= [gacδRab +Gabδg
ab]
√−g
= ∇a[∇bLξgab − gbc∇aLξgbc]
= ∇a(Rabξb). (1.13)
So we get a conserved current Ja = Rabξ
b. Using the Killing equation, such
current can be rewritten as
J = ∇b∇aξb −∇b∇bξa
= ∇b[δeaδfb − δebδfa ]∇eξf
= ǫabcd∇bǫcdef∇eξf
= ∗d ∗ dξ. (1.14)
Using Stokes’ theorem, the conserved charge Q is
Q[ξ] =
1
8π
∫
Σ
d ∗ dξ = 1
8π
∫
∂Σ
∗dξ. (1.15)
This is the famous Komar integral which is found by Komar in 1959 [4].
If ξ is a time-like Killing vector, Q[ξ] is the famous Komar mass. If ξ is
axial-symmetric Killing vector, Q[ξ] is Komar angular-momentum.
Second possible “additional structure” is coordinates, or in other words
replacing the the Levi-Civita covariant derivative by the ordinary partial de-
rivative. In a fixed local coordinates, since the gravitational Lagrangian is
5diffeomorphism invariant, one can use Eq.(1.11) to get the canonical energy-
momentum tensor. Since such tensor depends on local coordinates, it is not
covariant under the coordinate transformation. This is the famous pseu-
dotensors method. In the early time of pseudotensors method, people get
the pseudotensors just by rewritting the Einstein equation, for example see
[5, 6, 7]. It is found that the Einstein equation can be rewritten into following
form under suitable choice of coordinates,
16π(
√−gT ab + tab ) = ∂aUacb , (1.16)
where Tab is the energy momentum tensor of matter field, U
ac
b is called
superpotential and satisfies Uacb = U
[ac]
b . Using the symmetric property of
Uacb , it is easy to see that
∂a(
√−gT ab + tab ) = 0. (1.17)
Since Tab is divergence-free, above equation implies
∂at
a
b = 0. (1.18)
tab is called the energy-momentum pseudotensor of gravitational filed. Wein-
berg gave a more direct way to see why people call tab energy-momentum
pseudotensor [7]. He introduces a ”Minkowski-like” coordinates in asymp-
totic flat space-time and reexpresses the metric as gab = ηab + hab. If hab is
small enough, the Einstein equation becomes
R
(1)
ab −
1
2
R(1)ηab = 8π(Tab + tab), (1.19)
where R
(1)
ab − 12R(1)ηab is the linear term of hab in Einstein tensor. In this
equation, it is quite clear that tab is contributed by the curved geometry
and can be seen as the energy-momentum pseudotensor. Since the energy-
momentum pseudotensor is related with different coordinate choice, there
are many different kinds of energy-momentum pseudotensor which were
found by different physical motivations, such as [5, 6, 7, 8, 9, 10].
To understand more about the energy-momentum pseudotensor, analysis
of last section is very helpful. One can understand the energy-momentum
pseudotensor in terms of the Noether’s principle. Starting from the standard
Einstein-Hilbert Lagrangian LEH =
1
16piR
√−g, one can rediscover Moeller’s
energy-momentum pseudotensor by calculating the canonical energy-momentum
tensor θab [11]. The reson why there exist so many energy-momentum pseu-
dotensor is that there is another “additional structure” which has not been
discussed. That is the boundary term of the Lagrangian. It is well-known
that a total divergent term in Lagrangian will not contribute to the dy-
namical equation, but such term will contribute to the energy-momentum
pseudotensor. Adding different boundary term, one can get different energy-
momentum pseudotensor by calculating associated canonical energy-momentum
tensor θab [12].
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With the help of energy-momentum pseudotensor, one can define the total
energy and linear momentum of gravitational field as
Pµ(Σ) :=
∫
Σ
(T µν + t
µ
ν )n
νdx3
=
1
16π
∫
Σ
∂αU
µα
0 dx
3
=
1
16π
∫
∂Σ
U
µα
0 dSα. (1.20)
The energy-momentum pseudotensor is a quite useful tool for people to
study gravitational physics. With help of it, people explained the energy
loss of binary system, which was the first indirect evidence for the existence
of gravitational wave[13]. People also used this method got the correct
answer for the energy translation of the tidal friction processes, which was
gravitational energy being translated into thermal energy caused by the tidal
force of planet’s elliptic orbits. Such phenomena was first observed on Io, a
moon of Jupiter[14].
Although the energy-momentum pseudotensor is very useful in many
cases, the coordinates dependence is still a disadvantage. To avoid this
disadvantage, many research work has been done. One way to solve this
problem is to use tetrad instead of metric to rewrite the Lagrangian. It
is well-known that the moving frame method is a very powerful method
in differential geometry. Compare with the metric gab, the tertad {e(α)}
has more freedom. Such advantage has been noticed since the beginning of
1960’s. In 1961, Moeller began to use “absolute parallelism” to reconsider
pseudotensor problem [15]. Newman, Penrose and their colleagues devel-
oped techniques so called “Newman-Penrose formulism”, which was using
null tetrad to consider the gravitational radiation [17].
1.3. Duan’s energy-momentum. Almost the same time, unlike Moeller’s
absolute parallelism, Prof. Duan used ordinary orthonormal tetrad to study
this problem [18]. This is a more natural choice.
Using orthonormal tetrad {e(α)}, one can rewrite the Einstein-Hilbert
Lagrangian as[19]
L =
1
16π
[
(∇νeν(α))(∇µeµ(α))− (∇µeν(α))(∇νeµ(α))
]
, (1.21)
where eµ(α) is the tetrad, (α) is the tetrad index and µ, ν are coordinate index.
Based on the idea of Noether theorem, considering the variation of above
Lagrangian caused by diffeomophism map, Prof. Duan and his colleagues
7gave the expression of the total energy and momentum as [19, 20]:
P(α) =
∫
S
√
g V
0j
(α)dSj , greek letter = 0, 1, 2, 3 (1.22)
V
µν
(α)
=
1
8π
[
e
µ
(β)
eν(γ)η(αβγ) + (e
µ
(α)
eν(β) − eν(α)eµ(β))η(β)
]
, (1.23)
η(αβγ) =
1
2
{
∂eσ(α)
∂xλ
[
eλ(β)e
σ
(γ) − eλ(γ)eσ(β)
]
+
∂eσ(β)
∂xλ
[
eλ(α)e
σ
(γ) − eλ(γ)eσ(α)
]
+
∂eσ(γ)
∂xλ
[
eλ(β)e
σ
(α) − eλ(α)eσ(β)
]}
, (1.24)
η(α) = η(βαβ) =
1√
g
∂µ
[√
ge
µ
(α)
]
, (1.25)
where P(0) is the total energy and P(i) are total momentum components.
1.4. ADM total energy and linear momentum. Let’s remember Wein-
berg’s work[7] again. He tries to introduce some “Minkwoski coordinates”
on space-time such that there is a “Minkowksi metric” ηab as a back ground.
If the space-time is asymptotic flat, his idea makes sense. So the asymptotic
flat condition also can been as a kind of “additional structure”. For Asymp-
totic flat space-time (M,gab), if Σ is an asymptotic flat Cauchy surface of
(M,gab), it should satisfies following conditions :
(i) C is a compact subset of Σ, Σ\C is diffeomorphic to R3\BR and
{xi} is the Euclidean coordinates on this region.
(ii) In the region Σ\C, the induced metric hij and the extrinsic curvature
Kij should satisfy following asymptotic conditions:
hij = δij + aij, aij ∼ (r−α), ∂khij ∼ O(r−α−1), ∂k∂lhij ∼ O(r−α−2),
Kij ∼ O(r−α−1), ∂kKij ∼ O(r−α−2), 1
2
< α ≤ 1
i, j, k, l = 1, 2, 3, r2 =
3∑
i=1
(xi)2. (1.26)
With such asymptotic flat condition, Arnowitt, Deser and Misner[22, 23,
24] introduce the ADM energy and momentum as the total energy and
momentum of gravitational field on Σ
EADM :=
1
16π
∫
S∞
(∂jhij − ∂jhjj)dSi, (1.27)
PADMi :=
1
8π
∫
S∞
(Kij − hijtrK)dSj. (1.28)
This is a well accepted definition of the total energy and momentum on Σ.
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1.5. Bondi’s energy-momentum. It was a serious problem to describe
gravitational waves at the early age of general relativity. At the beginning,
people just considered the linearized Einstein equation in Minkowski space
and found that equation was very similar to Maxwell equation. Analog to
electromagnetic wave, people called the wave-like solutions as gravitational
waves. But how to describe the concept of gravitational wave in non-linear
case was a quite difficult problem. That question was answered by Bondi
and his colleagues in 1960’[27, 28]. They gave famous Bondi-Sachs’ radiating
metrics, which are wave-like, vacuum solutions of the Einstein field equa-
tions, to describe the non-linear effect of gravitational waves. Such metrics
take the following asymptotical forms
ds2BS =−
(
1− 2M
r
)
du2 − 2dudr + 2ldudθ + 2l¯ sin θdudψ
+ r2
[
(1 +
2c
r
)dθ2 +
4d
r
sin θdθdψ + (1− 2c
r
) sin2 θdψ2
]
+ lower order terms,
(1.29)
where u is retarded coordinate (u-slices are null hypersurfaces), r = x1, θ
and ψ are polar coordinates, M , c, d are smooth functions of u, θ, ψ defined
on R × S2 with regularity condition ∫ 2pi0 c(u, θ, ψ)dψ = 0 for θ = 0, π and
all u, l = c,θ + 2c cot θ + d,ψ csc θ, l¯ = d,θ + 2d cot θ − c,ψ csc θ. With this
metric, they also studied how gravitational waves carry away energy and
momentum. Denote n0 = 1, n1 = sin θ cosψ, n2 = sin θ sinψ, n3 = cos θ.
At null infinity, the Bondi energy-momentum on slice {u = u0} are defined
as
mν(u0) =
1
4π
∫
S2
M(u0, θ, ψ)n
νdS (1.30)
for ν = 0, 1, 2, 3. Consider the time derivative of Bondi energy, one has
d
du
m0(u) = − 1
4π
∫
S2
(c,u)
2 + (d,u)
2 ≤ 0. (1.31)
This is called Bondi energy-loss formula. The non-increasing property of
Bondi energy indicates that the energy can be carried away by gravitational
waves and the Bondi energy-momentum can be viewed as the total energy-
momentum measured after the loss due to the gravitational radiation up to
that time. Let |m(u)| =
√
m21(u) +m
2
2(u) +m
2
3(u). If |m(u)| 6= 0, Huang,
Yau and Zhang proved the more general energy-loss formula [16]
d
du
(
m0(u)− |m(u)|
)
= − 1
4π
∫
S2
[
(c,u)
2 + (d,u)
2
](
1− min
i
|m|
)
≤ 0. (1.32)
It is an interesting question whether the total angular momentum can
be detected near or at null infinity. As it is still open to find smooth
Bondi-Sachs’ coordinates for Kerr spacetime, it is unclear what rotation
means for gravitational systems traveling in the speed of light. In 1962,
9Newman and Unti introduced another coordinates, which is slightly differ-
ent to Bondi-Sachs’ coordinates, to describe asymptotic flat space-time[29].
The Newman-Unti coordinates for Kerr space-time has been worked out in
[30, 31]. Wu and Bai also proved that Kerr metric is the unique stationary,
axial-symmetric, asymptotic flat space-time under some algebraic conditions
on Weyl curvature[30].
2. Equivalence
In this section, we show that the energy-momentum defined by Prof.
Duan are the same as the ADM energy-momentum, Bondi energy-momentum
. Let’s consider the ADM case first. With the asymptotic condition (1.26),
we need to choose a suitable tetrad ei(α) and a suitable coordinate to do the
calculation. For coordinates, we choose the standard “3+1” coordinates [25]
as
ds2 = −(N2 − |β|2)dt2 + 2βidtdxi + hijdxidxj, (2.1)
where
N = 1 + f, f ∼ O(r−1), ∂kN ∼ O(r−1−ε), ∂tN ∼ O(r−1−ε),
βi ∼ O(r−1), ∂kβi ∼ O(r−1−ε), ε > 0
hij is asymptotic flat. (2.2)
Under such coordinates, one can choose tetrad as
ea(0) = n
a =
1
N
∂
∂t
− β
i
N
∂
∂xi
,
e(0)a = na = −Ndt,
ea(k) = ∂k −
1
2
akj∂j +O(a
2),
e(k)a = dx
k +
1
2
akjdx
j + βkdt+O(a2). (2.3)
With such tetrad and coordinates, one can simplifies Eq .(1.22) as
E :=
1
8π
∫
S∞
√
g
[
e0(β)e
j
(γ)η(0βγ) + (e
0
(0)e
j
(β) − ej(0)e0(β))η(β)
]
dSj
=
1
8π
∫
S∞
N
√
h
[
e0(0)e
j
(γ)η(00γ) + e
0
(0)e
j
(β)η(β) − ej(0)e0(0)η(0)
]
dSj .(2.4)
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By definition,
η00γ =
1
2
{
∂eσ(0)
∂xλ
[
eλ(0)e
σ
(γ) − eλ(γ)eσ(0)
]
+
∂eσ(0)
∂xλ
[
eλ(0)e
σ
(γ) − eλ(γ)eσ(0)
]
+
∂eσ(γ)
∂xλ
[
eλ(0)e
σ
(0) − eλ(0)eσ(0)
]}
= −∂e
(0)
σ
∂xλ
[
eλ(0)e
σ
(γ) − eλ(γ)eσ(0)
]
. (2.5)
Therefore
e0(0)e
j
(γ)η(00γ) = −e0(0)ej(γ)
∂e
(0)
σ
∂xλ
[
eλ(0)e
σ
(γ) − eλ(γ)eσ(0)
]
= −e0(0)gjσeλ(0)
∂e
(0)
σ
∂xλ
+ e0(0)g
jλeσ(0)
∂e
(0)
σ
∂xλ
= ∂j
1
N
+ o(r−2). (2.6)
The second term is e0(0)e
j
(β)η(β). Using the asymptotic flat condition of tetrad
(2.3), this term becomes
e0(0)e
j
(β)η(β) = e
0
(0)e
j
(β)
[
eλ(β)e
σ
(α) − eλ(α)eσ(β)
] ∂eσ(α)
∂xλ
= e0(0)g
jλeσ(α)
∂eσ(α)
∂xλ
− e0(0)gjσeλ(α)
∂eσ(α)
∂xλ
=
1
N
eσ(α)
∂eσ(α)
∂xj
− 1
N
eλ(α)
∂ej(α)
∂xλ
+ o(r−2)
=
1
N
eσ(0)
∂eσ(0)
∂xj
+
1
N
eσ(k)
∂eσ(k)
∂xj
− 1
N
eλ(0)
∂ej(0)
∂xλ
− 1
N
eλ(k)
∂ej(k)
∂xλ
+ o(r−2)
= −∂j 1
N
+
1
2N
∂jhii − 1
2N
∂ihij + o(r
−2). (2.7)
The third term is −ej(0)e0(0)η(0), detail calculation shows it only contributes
o(r−2) terms. Summarize above results and back to the definition of energy
(1.22), it is easy to see that Prof. Duan’s definition of E agrees with the
ADM energy (1.27) for asymptotic flat case.
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Now let’s consider the total linear momentum P(i). By definition (1.22),
P(i) =
∫
S∞
√
g V
0j
(i)
dSj
=
1
8π
∫
S∞
√
g
[
e0(β)e
j
(γ)η(iβγ) + (e
0
(i)e
j
(β) − ej(i)e0(β))η(β)
]
dSj
=
1
8π
∫
S∞
N
√
h
[
1
N
e
j
(0)η(i00) +
1
N
e
j
(k)η(i0k) −
1
N
e
j
(i)η(0)
]
dSj.(2.8)
The value of the first term is vanishes since η(i00) = 0. The second term is
1
N
e
j
(k)η(i0k) =
1
N2
e
j
(k)
1
2
[
∂e
(i)
m
∂x0
em(k) −
∂e
(i)
0
∂xl
el(k)
+
∂e
(k)
m
∂x0
em(i) −
∂e
(k)
0
∂xl
el(i)
]
+ o(r−2). (2.9)
Based on the choice of tetrad (2.3), above equation becomes
1
N
e
j
(k)η(i0k) =
1
2N2
δ
j
k
[
1
2
∂0amiδ
m
k − ∂lβiδlk +
1
2
∂0amkδ
m
i − ∂lβkδli
]
+o(r−2)
=
1
2
[∂0hij − ∂iβj − ∂jβi] + o(r−2). (2.10)
Remember Kij =
1
2Lnhij , with the help of asymptotic condition for metric,
we get
Kij =
1
2
Lnhij
=
1
2
(
1
N
∂thij − β
k
N
∂khij − hik∂j β
k
N
− hjk∂iβ
k
N
)
=
1
2
[∂thij − ∂iβj − ∂jβi] + o(r−2). (2.11)
Then
1
N
e
j
(k)η(i0k) = Kij + o(r
−2). (2.12)
Similarly, the third term is
− 1
N
e
j
(i)η0 = −
[
1
N
e
j
(i)e
λ
(0)e
σ
(α)
∂eσ(α)
∂xλ
]
+
[
1
N
e
j
(i)e
λ
(α)e
σ
(0)
∂eσ(α)
∂xλ
]
= −δji
[
∂0N +
1
2
δmk ∂0hmk
]
+ δji
[
∂0N + ∂kβ
k
]
+ o(r−2)
= −δji trK + o(r−2). (2.13)
Back to Eq.(2.8), it is clear that Prof. Duan’s total momentum also agrees
with the ADM linear momentum in the asymptotic flat case.
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The ADM energy characterize the total energy of an asymptotic flat
Cauchy surface Σ. If one wants to consider gravitational radiation, The
Bondi energy is need. The Bondi-Sachs metrics are [27, 28]
ds2 = (e2β
V
r
− r2hµνUµUν)du2 + 2e2βdudr
+2r2hµνU
νdudxµ − r2hµνdxµdxν , (2.14)
where µ, ν = 2, 3, U2 = U, U3 =W csc θ,
(hµν) =
(
e2γ cosh 2δ sinh 2δ sin θ
sinh 2δ sin θ e−2γ cosh 2δ sin2 θ
)
, (2.15)
asymptotic behavior:
γ =
c(u, θ, φ)
r
+ (C(u, θ, φ)− 1
6
c3 − 3
2
cd2)
1
r3
+ · · · ,
δ =
d(u, θ, φ)
r
+ (D(u, θ, φ) − 1
6
d3 +
1
2
c2d)
1
r3
+ · · · ,
β = −c
2 + d2
4r2
+ · · · ,
W = −(∂d
∂θ
+ 2d cot θ − ∂c
∂φ
csc θ)
1
r2
+ · · · ,
U = −(∂c
∂θ
+ 2c cot θ +
∂d
∂φ
csc θ)
1
r2
+ · · · ,
V = r − 2M(u, θ, φ) + V1(u, θ, φ)
r
+ · · · . (2.16)
In the Bondi coordinates, one can choose tetrad as [52]
e
µ
(0) = (1,
1
2
(e−2β − V
r
), U,W csc θ),
e
µ
(1) = (−1,
1
2
(e−2β +
V
r
),−U,−W csc θ),
e
µ
(2) = (0, 0,
e−γ
r
√
cosh 2δ
, 0),
e
µ
(3) = (0, 0,−
e−γ sinh 2δ
r
√
cosh 2δ
,
eγ
√
cosh 2δ
r sin θ
). (2.17)
With the choice of coordinates and tetrad, the definition of energy (1.22)
becomes
P(0) =
1
8π
∫
S∞
√
g
[
e0(β)e
j
(γ)η(0βγ) + (e
0
(0)e
j
(β) − e
j
(0)e
0
(β))η(β)
]
dSj
=
1
8π
∫
S∞
√
g
[
e
j
(γ)η(00γ) − ej(γ)η(01γ) + (ej(β) − ej(0)e0(β))η(β)
]
dSj
=
1
8π
∫
S∞
√
g
[
er(1)η001 + e
r
(0)η001 + e
r
(0)η(0) + e
r
(1)η(1)
]
dS. (2.18)
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By definition, straight calculation will show
η001 = (−2M − c ∂c
∂u
− d∂d
∂u
)
1
r2
+O(r−3),
η0 = (2 +
∂M
∂u
)
1
r
+
[
]cotθ csc θ
∂d
∂φ
− csc2 θ ∂
2c
∂φ2
+ 2cot θ
∂c
∂θ
+2csc θ
∂2d
∂θ∂φ
+
∂2
∂θ2
+ c(−2 csc2 θ + 9
2
∂c
∂u
)− 11
2
d
∂d
∂u
+12d sin θ
∂d
∂u
− 4d sin2 θ ∂d
∂u
− 1
2
∂V1
∂u
]
1
r2
+O(r−3),
η1 = −2
r
− (c ∂c
∂u
+ d
∂d
∂u
)
1
r2
+O(r−3). (2.19)
But the covariant derivatives are used in the definition. Using the asymptotic
behaviors of 3-index symbols [27, 28], we finally obtain
P(0) =
1
4π
lim
r→∞
∫
S∞
M(u, θ)
r2
dS =
1
4π
∫
S2
M(u, θ)dS. (2.20)
So Prof. Duan’s energy definition (1.22) agrees with the Bondi energy at null
infinity. Similar straight calculation also can show Prof. Duan’s momentum
definition also agrees with the Bondi momentum.
3. Positivity of the total energy
It was conjectured that the total energy is nonnegative both at spatial
infinity and at null infinity for isolated physical systems satisfying the dom-
inant energy condition. For the recent progress of the topics, we refer to
[32] for details. The positive energy conjecture for the ADM total energy-
momentum at spatial infinity was first proved by Schoen and Yau [33, 34, 35],
later by Witten using spinors [36, 37]. More precisely, they proved
The positive energy theorem: Let (Σ, h,K) be asymptotically flat, with
possibly a finite number of black holes. Suppose the dominant energy condi-
tion holds, then
(i) E ≥
√
P 21 + P
2
2 + P
2
3 for each end;
(ii) That E = 0 for some end implies M has only one end, and space-time
is flat along Σ.
The total mass is
√
E2 − P 21 − P 22 − P 23 which is a Lorentzian invariant.
When the positive energy theorem holds, the total mass is well-defined. In
1999, Zhang proved the positive energy theorem for generalized asymptot-
ically flat initial data set (Σ, h, p) where p is general 2-tensor which is not
necessary symmetric [38]. Geometrically, the second fundamental form p is
nonsymmetric when spacetimes equip with affine connections with torsion.
In this case matter translates, meanwhile, it rotates. The idea using con-
nection with torsion was initially duo to E. Cartan [39, 40, 41, 42]. In [38],
Zhang defined the following generalized linear momentum counting both
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translation and rotation
P¯k =
1
8π
∫
S∞
(pki − hkitrh(p)) ∗ dxi,
and proved the following theorem.
The generalized positive energy theorem: Let (Σ, h, p) be generalized asymp-
totically flat, with a finite number of black holes. Suppose the generalized
dominant energy condition
1
2
(
R+ (trh(p))
2 − |p|2) ≥ max{|ω|, |ω + χ|},
holds, ωj = ∇ipji −∇jtrh(p), χj = 2∇i(pij − pji), then
(i) E ≥
√
P¯ 21 + P¯
2
2 + P¯
2
3 for each end;
(ii) That E = 0 for some end implies M has only one end, and
Rijkl + pikpjl − pilpjk = 0, ∇ipjk −∇jpik = 0, ∇i(pij − pji) = 0.
In 1974, Regge-Teitelboim defined the total angular momentum for asymp-
totically flat initial data sets [43],
Jk(x0) =
1
8π
∫
S∞
ǫkuv(x
u − xu0)πvi ∗ dxi, πvi = Kvi − hvitrK(h).
In general, the integrand is O(1
r
) which may not be integrable. This ambi-
guity resolution requires stronger “Regge-Teitelboim” conditions on ends
h(x) − h(−x) = O(r−3), π(x) + π(−x) = O(r−3).
The integrand in Regge-Teitelboim’s definition is not tensor, it can not relate
the local density to the total angular momentum. To resolve this difficulty,
Zhang defined trace free, non-symmetric tensor of local angular momentum
density [38]
h˜zij =
1
2
ǫ uvi
(∇uρ2z)(Kvj − hvjtrh(K)),
where ρz is the distance function w.r.t some z ∈M . If (Σ, g, h˜zij) is general-
ized asymptotically flat, Zhang defined the total angular momentum [38]
Jk =
1
8π
∫
S∞
h˜zki ∗ dxi.
J is also a geometric quantity which is independent on the choice of coor-
dinates {xi} if |∇h˜z| is integrable. In Kerr spacetime, Kij = O( 1r4 ), so the
total angular momentum is well-defined and it was found J = (0, 0,ma)
[44]. By taking pij = Ch˜
z
ij for certain constant C > 0, Zhang proved the
Kerr constraint E ≥ C|J | under the generalized dominant energy condition
[38]. It is worth pointed out that the dominant energy condition does not
yield to the Kerr constraint. In [45], Huang, Schoen and Wang showed that
it is possible to perturb arbitrary vacuum asymptotically flat initial data
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sets to new vacuum ones having exactly the same total energy, but with the
arbitrary large total angular momentum.
At null infinity, it was conjectured that the Bondi energy is nonnegative.
The proofs of this conjecture were claimed by Schoen-Yau using geometric
analysis methods, as well as by physicists using Witten’s positive energy
arguments (see [46] and references therein). However, extra conditions are
required when two methods are worked out rigorously and completely [16].
In particular, by using the positive energy theorem near null infinity [47],
Huang, Yau and Zhang proved
Positivity of Bondi energy: Suppose there exists u0 in vacuum Bondi’s
radiating spacetime such that c(u0) = d(u0) = 0.
(i) m0(u0) ≥ |m(u0)|, and the Bondi energy-momentum loss formula gives
m0(u) ≥ |m(u)| for all u ≤ u0;
(ii) If m0(u0) = |m(u0)| and there is u1 < u0 such that m0(u1) = |m(u1)|,
then c(u0) = d(u0) = 0 on [u1, u0]. Thus the spacetime is flat in the region
(u1, u0].
It ensures that the Bondi mass
√
m20 −m21 −m22 −m23 is well-defined.
4. Positive cosmological constant
Based on the experimental dates, e.g., Planck 20151, the actual universe’s
metric is asymptotic to the FLRW metric with k = 0
g˜FLRW = −dt2 + e2Htgδ, gδ = (dx1)2 + (dx2)2 + (dx3)2,
where H > 0 is the Hubble constant, 3H2 = ρm + Λc, ρm ∼= 0.3156 × 3H2
is the matter density containing dark matter, Λc ∼= 0.6844× 3H2 is the real
value of cosmological constant representing dark energy. Denote Λ = 3H2,
λ = H−1. The initial data set is (R3, g˘ = e2Htgδ, K˘ = Hg˘).
To define the total energy-momentum from the Hamiltonian point of view,
an asymptotically de Sitter initial data set (M,g,K) should satisfy
g − g˘ = e2Ht0a = O(1
r
), K − K˘ = eHt0b = O( 1
r2
)
for constant t0 on ends. Then the ten Killing vectors Uαβ of R
4,1 and a and
b are used to define the ADM-like total energy-momentum [48]. But there is
no energy-momentum inequalities for them in general. Alternatively, there
is different approach to define the total energy-momentum from the initial
data set point of view. An initial data set (M,g,K) is P-asymptotically
de Sitter if g = P2g¯, h = Ph¯ for certain constant P > 0, and (M, g¯, h¯) is
asymptotically flat. Let E¯, P¯k and J¯k(z) be the total energy, the total linear
momentum and the total angular momentum of the end Ml for (M, g¯, h¯)
respectively. The corresponding quantities for P-asymptotically de Sitter
1Planck 2015 results I. Overview of Scientific Results. ArXiv: 1502.01582; XIII. Cos-
mological Parameters. ArXiv: 1502.01589.
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initial data set (M,g,K) are
E = PE¯, Pk = P2P¯k, Jk(z) = P2J¯k(z),
and one of the positive energy theorem proved by Luo, Xie and Zhang [49]
is as follows.
The positive energy theorem: Let (M,g,K) be a P-asymptotically de Sitter
initial data set in spacetime L3,1 satisfying the Einstein field equations
Rαβ − R
2
gαβ + Λgαβ = Tαβ .
Suppose trg(K) ≤
√
3Λ. If L3,1 satisfies the dominant energy condition,
then
(i) E ≥
√
P 21 + P
2
2 + P
2
3 for any end;
(ii) That E = 0 for some end implies
(M,g,K) ≡
(
R
3,P2gδ,
√
Λ
3
P2gδ
)
and the spacetime L3,1 is de Sitter along M .
It ensures that the total mass
√
E2 − P 21 − P 22 − P 23 is well-defined.
The two definitions of total energy are the same both in the Hamiltonian
formulation and in the initial data set formulation. But the definitions of
the total linear momentum are completely different, while it is finite, defined
in terms of h, the total linear momentum is infinite in general, defined in
terms of K − K˘. So, in the Hamiltonian formulation, there should not be
any energy-momentum inequality, but E ≥ 0 if trg(K) ≤
√
3Λ in this case.
In 2012, Liang and Zhang constructed counterexamples of the above pos-
itive energy theorem while the condition trg(K) ≤
√
3Λ is violated [50].
By suitable coordinate transformation, the FLRW metric can be trans-
ferred into the retarded coordinates which are used to study the nonlinear
theory of gravitational waves. In general, if spacetimes have a family of
non-intersecting null hypersurfaces given by the level sets of smooth func-
tion u, gravitational waves can also be described as the Bondi-Sachs metrics
even if the cosmological constant is nonzero. For the positive cosmological
constant, u is only continuous with discontinuous derivatives across the cos-
mological horizon, so the above metrics are valid only inside and outside the
cosmological horizon.
The theory of gravitational waves for positive cosmological constant has
been studied extensively in recent years. In [51], a detail asymptotic analysis
of Bondi-Sachs metrics was provided by assuming Sommerfeld’s radiation
condition, which is natural in numerical simulations,
γ =
c
r
+
(
− 1
6
c3 − 3
2
d2c+ C
) 1
r3
+O
( 1
r4
)
,
δ =
d
r
+
(
− 1
6
d3 +
1
2
c2d+D
) 1
r3
+O
( 1
r4
)
,
(4.1)
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with the regularity condition
∫ 2pi
0 c(u, θ, ψ)dψ = 0 for θ = 0, π and for all u.
The key point is that, for the positive cosmological constant, u can be only
continuous with discontinuous derivatives across the cosmological horizon,
so the above expansions are valid only near and inside the cosmological
horizon as well as near infinity outside the cosmological horizon. For the
negative cosmological constant, the series expansions are taken near r =∞,
the peeling property is not affected even if the coefficients involve Λ. But
for the positive cosmological constant, the series expansions are taken both
near and inside the cosmological horizons where r ∼
√
3Λ−1 is finite, and
near r = ∞ outside the cosmological horizon. The peeling property can
be affected if the coefficients involve Λ near the cosmological horizon. So
suitable series expansions are required.
From [51, 52], we can find the following asymptotic expansions for the
vacuum field equations
β =B − c
2 + d2
4r2
+O
( 1
r3
)
,
W =X + 2e2BB,φ csc θ
1
r
+O
( 1
r2
)
,
U =Y + 2e2BB,θ
1
r
+O
( 1
r2
)
,
V =− e
2BΛ
3
r3 + (cot θY + csc θX,φ + Y,θ)r
2
+ e2B
(
4B2,φ csc
2 θ + 2B,φφ csc
2 θ + 2B,θ cot θ
+ 4B2,θ + 2B,θθ + 1
)
r − 2M +O
(1
r
)
,
(4.2)
where X = Λa sin θ, Y = Λb sin θ, and a, b satisfy
a,φ − sin θb,θ = −2
3
e2Bc, b,φ + sin θa,θ =
2
3
e2Bd. (4.3)
Thus a, b can be determined uniquely by B, c, d up to some functions ρ(u),
σ(u). Moreover, we can choose B, a, b which are independent on Λ.
Let Ψk, k = 0, . . . , 4, be the Newmann-Penrose quantities. It was proved
in [52] that, under Sommerfeld’s radiation condition together with the non-
trivial B, X, Y , the following peeling property holds
Ψk = −
[(
Ψ5−kk
)0
+O
(
Λ
)] 1
r5−k
+O
( 1
r6−k
)
, (4.4)
where coefficients
(
Ψ5−kk
)0
are given by B, a, b and other Λ-independent
functions appeared in series expansions of γ, δ, β, W , U and V . The cos-
mological constant affects the experimental data only in a scale of Λ which
can be ignored.
Note that
(
Ψ14
)0 6= 0 whenB is nontrivial, a = a(u), b = b(u) are functions
of u which give c = d = 0. This indicates that there exist gravitational waves
without Bondi news, which may be referred as B-gravitational waves. In
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[52], some nonstationary vacuum Bondi-Sachs metrics are constructed with
γ = δ = 0. Hence c = d = 0.
g =−
[
− (C + cos θ)2Λ
3
r2 − sin2 θ
( C ′
C2 − 1
)2
r2 − 2(C cos θ + 1) C
′
C2 − 1r
+C2 − 1− 2m(C
2 − 1) 32
r(C + cos θ)
]
du2 − 2(C + cos θ)dudr
+ 2r sin θ
(
1 +
C ′
C2 − 1r
)
dudθ + r2
(
dθ2 + sin2 θdφ2
)
.
(4.5)
The above metrics have black holes when m 6= 0. Moreover, the Newmann-
Penrose quantity Ψk satisfy
Ψ0 = Ψ1 = 0, Ψ2 = − m(C
2 − 1) 32
r3(C + cos θ)3
,
Ψ3 =
3m sin θ(C2 − 1) 32√
2r3(C + cos θ)4
, Ψ4 = −3m sin
2 θ(C2 − 1) 32
r3(C + cos θ)5
.
(4.6)
They fall faster than usual, which may be missed in the experimental data.
We refer to [53] for an alternative boundary condition in the axi-symmetric
case, without assuming Sommerfeld’s radiation condition, but deforming 2-
sphere with
γ = Λf(u, θ) +
c(u, θ)
r
+O
( 1
r3
)
(4.7)
and taking B = X = Y = 0. The vacuum field equations give
f(u, θ) = f(−∞, θ) + 1
3
∫ u
−∞
c(s, θ)ds. (4.8)
Physically, f(−∞, θ) exists. Thus, in order that f(u, θ) exists for any u <∞
and for u→ +∞, Bondi news must satisfy ∫ u
−∞
c(s, θ)ds <∞ for any u <∞
and for u = +∞. This boundary condition is rather restricted which actually
excludes gravitational waves with
∫ u
−∞
c(s, θ)ds =∞ or ∫ +∞
u
c(s, θ)ds =∞
for some u < ∞ or for u = +∞. In a series of papers [54, 55, 56, 57],
asymptotics with Λ > 0 was discussed in framework of conformal compacti-
fication, and the linearization theory as well as the quadrupole formula were
derived. Some relevant works on the linearization theory can also be found
in [58, 59, 60]. The papers [61, 62] discussed the asymptotic vacuum and
the electromagnetism Newman-Penrose equations as well as Bondi mass for
Λ 6= 0. The boundary condition in [61, 62] is essentially equivalent to that
given in [53].
The peeling property for Λ 6= 0 was proved previously by Penrose in
framework of conformal compactification [63], and by Saw without conformal
compactification [61, 62]. It was pointed out in [52] that the induced metric
on conformal boundary J+ are
e2BΛ
3
du2 + 2Y dudθ + 2Xdudφ + dθ2 + sin2 θdφ2. (4.9)
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So the boundary condition given in [51, 52] does not seem to consist with
Penrose’s framework. This new boundary condition is natural in three as-
pects that it consists with nontrivial Bondi news, gives rise to the peeling
property and features B-gravitational waves without Bondi news.
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